A generalized formalism of QCD multipole expansion including constituent quark field quantization is proposed. It can be applied to study soft-gluon emission -processes of heavy quark-antiquark systems with quark flavor changing or quark pair annihilation. As an application, the radiative decays J/t+h + 7 + 77 and J/t) --t 7+7r" are studied in this framework. It is shown that J/$ + 7+~ is dominated by a vector-meson-dominance mechanism in which the vector mesons are n3Sr states of CE and the calculated rate is in agreement with the experiment. The decay -.-. J/ll, + 7 + 7r" is dominated by a different vector-meson-dominance mechanism in which the vector meson is p".
Introduction z
Multipole expansion in quantum chromodynamics (&CD) has been studied -.
by many authors.1'2 A gauge invariant formalism in terms of constituent quark field is given by Yan2 This has proved to be a powerful tool for studying softgluon emissions in hadronic transitions in the heavy quark (Q) and anti-quark (&) 3'4 systems.
Let a be the size of the heavy Qg system and k the typical momentum --of the emitted gluons. The expansion parameter in QCD multipole expansion is ka, so that the expansion is good when ka is small, even the QCD coupling constant g9 is large. It is shown in nuclear physics that this expansion works even when ka N 1.
In hadronic transitions, the quarks in the initial and final quarkonium states are .-. the same. Therefore the transition rates can be calculated in the standard way of quantum mechanics without quantizing the quark field.2'3 If we want to generalize the idea of QCD multipole expansion to study soft-gluon emissions in processes with quark-flavor changing or quark pair annihilation, quantization of the quark field will be necessary. In this paper, we will generalize Yan's formalism2 to include electro-weak interactions and quark field quantization, and will derive a general formula for the S-matrix element in the multipole expansion approach which can be applied to various decay processes. These will be given in Section 2 of this paper.
As an application of our general formula, we calculate the rates I'(J/+ + 777) and I'(J/$ + 77r') is Section 3. We shall see that the dominant mechanisms in the two decays are different. The decay J/+ + 7 + 77 is dominated by a vector-meson-dominance mechanism in which the vector mesons are n3S1 states of CF and the calculated I'(J/t+h + 777) is in agreement with the experiment. On the contrary, the decay J/I+!I + 7 + r" is dominated by a different vector-meson-dominance mechanism with the p-meson as the vector meson as was first calculated by Fritzsch and Jackson.5 -. A brief concluding remark will be given in Section 4.
-
Generalized Formalism of QCD Multipole Expansion with Quantized Quark Field
Let us consider a system consisting of a heavy quark Q and its antiquark 8.
(Generalization to a system with different quarks is trivial.) The fundamental
Lagrangian of QCD is . &Jo==-:
F;" Fop" + 2c, r"(qL -9s
where 1c, is the field of Q, Af (a = 1,. . . ,8) is the gluon field, X, is the SU(3) GellMann matrix, &f. and LFP are the gauge fixing term and the gauge compensation term, respectively. Starting from (l), Y an obtained the gauge invariant effective
Lagrangian for the heavy quark system suitable for studying soft-gluon emissions L LQ = 7"(iap -gs + A;') -m 3
T(Q)7$x,e(ct) (2) in which $ X0 z 1, VI and V2 are static potentials related to the interactions between Q and Q in color singlet and color octet states, 9(Z, t) and A;'(S,t) are related to the original +(x) and A",(x) by ..-lc Q(Z, t) = u-y?, t)+(x) -.
f X,A;'(Z,t) = U-l(Z, t); X,A;(x)U(Z,t) -; U-' (2, t)c3,u(Z, t) with U(i?,t) defined by
where P is the path ordering operation and the line integral is along the straight line segment connecting the two ends. In (3~) Z = 0 is identified with the center-
of-mass (c.o.m.) of the Qg system. We see from (2) that it is the field !P, not $, that represents Q and 0 interacting via the static potential. Therefore q is regarded as the constituent quark field in the potential model of heavy quarkonia.
Expanding Ag'(Z, t) in p owers of 2, we get multipole expansion.2
Now we generalize (2) to include electro-weak interactions and !P field quantization. We add the electromagnetic interaction and weak interactions t3 -sin2BwQ Z,$ .
to (1) . Here e is the electromagnetic coupling constant, Q is the electric charge operator of the quark (Q = 2/3 f or c-quark, Q = -l/3 for &quark), A, is the 
Let 51 and Z2 be the space coordinates of Q and 8, respectively. The coordinate -of the c.o.m. is
Translational invariant of the system with respect to ?? leads to the conservation -of momentum. We will not take 2 = 0 in the following discussions. .-In most soft-gluon emission processes, the emitted gluon energy is much smaller than the quarkonium masses. We shall neglect the small recoil of the quarkonium due to the emission and regard 3 as a constant. The transformation (3~) is now 
7 and \lr(Z, t) and A;'(?, t) are given in (3a) and (3b). Since the electro-weak sector is independent of the QCD sector, the $'s in (4) and (5) can be transformed directly into q's by (3a), and thus the total effective Lagrangian is
Expanding A",'(Z, t) in powers of (Z -2) via the procedure given in Ref. 2, we get the multipole expansion
+a where E and ?!?a are the color electric and magnetic fields. In (8) we have separated LQCD into two parts. The part Lg&D gives the bound state properties of the Qg system, while L(l) QcD gives multipole gluon emissions.
In non-relativistic approximation, the Hamiltonian of the system can be writ- is just the quantum mechanical Hamiltonian of the Qg system.
-
The canonical momentum 7r(Z, t) conjugate to 9(5, t) is now n(Z, t) = 6L 6&-J&, hf(Z,t) = &if(q) = i!P+(z, t) .
Therefore the canonical quantization of the K& field is given by
With this equal-time commutation relation, we can evaluate the S-matrix elements for soft-gluon emission processes. In soft-gluon emission processes, HI is not small, so that we should treat HI to all orders.
The time evolution of the gauge fields can be written as
-+a +a where F(Z,t) represents A:(Z,t), E (Z,t), B (Z,t), d,(Z,t), etc. In the present picture of perturbation theory, the time evolution of operators composed of heavy quark fields is determined by Ho. Therefore the time evolution of Qa, ia, ZII, etc.
can be further expressed as
where (18) and (19) Equation (21) 
.
--This is our general formula for the S-matrix element. It can be evaluated by using Ic the equal-time commutation relation (12) .
As an example, let us consider the El-El hadronic transition process @i + @f + 91 + $2 7 -where Qi and @f are the initial and final quarkonium states, respectively, and gr and g2 are the emitted gluons. @i and @f are of the form of (13) . The S-matrix element in the process is (Qf9192
With some algebra, (26) can be expressed as (@fglg2 1 S 1 ai) = -i%rb(Ef t w1 t where NC is the number of colors, and Equation (27) From the point of view of &CD, the decay process contains two steps. The first step is the emission (including Qg annihilation) of a photon and at least two gluons to form a color singlet state. The second step is the conversion of the gluons into 77 or w". Examples of the diagrams are shown in Fig. 1 . In the two-body decay -processes Jflc, + 7 t 77 and J/lc, -+ y t 7r", the momenta of 77 and x0 are fixed
If 77 or x0 is produced from the hadronization of two gluons, the typical momentum of the emitted gluon will be 
For such a low momentum scale, perturbative QCD does not work well, while QCD multipole expansion can be a better approach.3 Since 7 and 7r" are pseudoscalars, the leading multiple gluon emission in Fig. l(a) is El-M2 since there should be no flip of spin. The leading multiple emission calculation may work fairly well for the following reason. Take the first gluon emission as an example. it may be emitted via electric dipole emission. We know that J/T) is a color singlet state so that the color charge distribution in J/t) is antisymmetric with respect to the interchange of c and Z. Since the electric quadrapole moment tensor is symmetric in 51 and $, there cannot be electric quadrapole emission and the next electric multipole emission is the octapole emission. To make an order of magnitude estimate of the electric octapole emission correction, we take the formula for electric multipole 
.--3.1. CALCULATION OF I'( J/ll, + 7~).
-. (35) in our approach, the physics is different for different kinds -of diagrams. In the nonrelativistic approach, Fig. l(a) describes a process that a virtual hadronic transition J/ll, + $(n3Sl) $ n first takes place and then the c and E in +(n3Sr) annihilate into a photon. According to the discussions in Section 2, this amplitude is proportional to g,qgMfn,,(@, where fnO (6) is the wave function at the origin of the $(n3Sr) state. The other two diagrams, Fig. l(b) and l(c) are different. They describe processes in which J/+ first emits a photon and a gluon and transits into a virtual vector-meson state with c and c in color octet, and then the color octet c and z annihilate into a gluon. In the nonrelativistic approach, the color octet c and z annihilate at 51 = 22 = 2. Thus the U(Z, t) defined in (7) is now unity and hence 9 = 1c, and At' = Af. Therefore QQ annihilation in our formalism is exactly the same as that in perturbative &CD. The coupling constant ga at the annihilation vertex should then be taken to be the conventional The evaluation of the first factor is straightforward, while the second factor needs more consideration. This is an El-M2 gluon emission process. the hadronization matrix element is of the form
where Dj E 8j -g 3 + AT is the covariant derivative. The operator in (36) can be I .
--written as .-T Voloshin and Zakharov4 argued that the second term in (37) is smaller than the -first term and they suggested the approximation (7 1 gEgME;DjBi IO) 2 iqqj (7 l SESMEy% IO) -
The matrix element (7 I gEgME;BF I 0) is then related to the Gross-Treiman-.
Wilczek formulaI (40) is the one at the scale mq, so that it is large.
With all these, we can evaluate the first term in (35) and calculate the rate qJl+ + Yd* Our calculation is in the Coulomb gauge. The calculation is that the data I'($(n3Sr) -+ e+e-) for n > 3 are not useful. We expect that the QCD corrections will not vary seriously with n as is inspired by the case of n = 1,2.
Therefore we use the same factor 0.33 for all n. In our calculation, we keep five terms in the summation En hi::,. The values of hiit (n = 1,. . . ,5) are listed in Table 1 .
Actually, the values of era at the scale m, is not precisely known. The currently accepted value of cr, is close to our a~ given in (33). So we take (Ye N cry in (41) .
----t -. Table 1 The calculated hiAio hiAio ( 
.-- The decay J/$ + y + w" is isospin violating. There are two possible mechanisms that can contribute to this decay process. One possibility is the $ (n3S1) vector-meson-dominance mechanism shown in Fig. l(a) and the other is J/lc, --t p"* + ?r" + y + w" which is a vector-meson-dominance mechanism with p" be- 
VW
Therefore the contribution of the. mechanism of Fig. l(a) is about an order of magnitude smaller than that of the second mechanism. Thus we conclude that the decay J/lc, + y + 7r" is dominated by the mechanism J/$ + p"* + ?r" + y + K'.
Conclusions
We have given, in this paper, a generalized formalism of QCD multipole expansion in which electro-weak interactions and constituent quark field quantization are included. A general formula for the S-matrix element (cf. (24) and (25)) is derived in this framework and it can be applied to the study of soft-gluon emissions in processes with quark flavor changing or quark pair annihilation. This is the first attempt to apply QCD multipole expansion to the study of heavy quark -decay processes other than hadronic transitions. In our new formalism, the QQ .--annihilation calculation is exactly the same as that in perturbative &CD, while for soft-gluon emissions the new approach is essentially different from the perturbation calculation. The general formula is then applied to the calculation of the radiative decay rates I'(J/$ + 771) and I'(J/$ + 77r'). We do not expect that our approach can be used to study radiative decays of Y since the emitted gluons in those processes are not soft and multiple expansion may not work well. Also -vector-meson-dominance via T(n3Sr) is more questionable since the &quark is heavy.
In our new approach, we have seen that J/T/I + 777 is dominated by the vector- (44)), es p ecially the ratio R, defined in (47) tests exclusively the soft-gluon emission dynamics in our approach and our prediction (48) fits the experimental (49) fairly well. The result is encouraging.
We would like to point out that the physical picture of J/$ + 7 + 7 in Ref. 9
is similar to ours. The differences between the two approaches are:
1. The mechanism serves as a phenomenological model in Ref. 9 , while in our approach it is the consequence of our general formula (25).
2. In Ref. 9 only the contributions of the n = 1 and n = 2 $(n3Sr) states are taken into account and the relative strengths of these contributions are taken from an assumption, while in our approach the relative strengths of all +(n3SI) contributions are calculated from the soft-gluon emission dynamics in the framework of our generalized QCD multipole expansion. (See, for example, the results listed in Table 1 .)
Therefore our calculation is more closely related to QCD.
.--Our calculation also shows that the mechanism shown in Fig l(a) is not es-* sential in J/t+4 + 7 + TO. The decay J/t,b + y + ?y" is dominated by a different mechanism J/T) -t p"* + w" + 7 + 1'. --.
There are still some effects we have not considered in this paper. For example, coupled channel effects (state mixing and continuous spectrum contribution to the intermediate states), relativistic corrections, etc. We do note expect that these _ corrections will affect the main conclusions of this paper. They will be considered elsewhere. 
